The effect of electrically active V Ga -O N threading edge dislocations on drift and Hall mobilities in n-type epitaxial wurtzite ͑WZ͒ GaN is investigated theoretically. The charge distribution along the dislocation core is first obtained by means of a density-functional theory atomistic calculation; the two N atoms near the missing Ga atom at the dislocation core are found to be electron acceptors. An accurate analytical expression for dislocation electrostatic strength is then derived for the case of up to −2q charge per structural unit of the threading dislocation core. This strength factor is determined by minimizing the total increase of free energy per site of the partially charged dislocation line. Two different models of scattering potentials for charged dislocation lines are then used to determine the dislocation effect on in-plane electron mobility, and closed-form solutions for the dislocation contribution to drift and Hall mobilities are derived for the more accurate potential. By estimating the effects of other scattering mechanisms, the total mobility is then compared with available experimental data. It is found that for free-carrier concentrations higher than 10 16 cm −3 , reducing dislocation density below n dis =10 8 cm −2 has little beneficial effect on total mobility for typical WZ GaN samples.
I. INTRODUCTION
In the recent years, GaN and other III-V nitride semiconductors serving as blue light-emitting diodes, 1,2 blue lasers, 3 and high-power transistors 4 have received much attention because of their wide band gap and high-temperature stability. Despite these advantages, the large lattice mismatch between epilayer and substrate ͑e.g., 14% with sapphire͒ induces a high density of dislocations, on the order of 10 8 -10 11 cm −2 , unless special growth methods are adopted. The dangling bonds along dislocation lines act as electron acceptors and result in the reduction of free carriers, and thus diminish electron mobility due to scattering, and reduce intensity of band-gap luminescence. Therefore, a better understanding of the characteristics of acceptor dislocations in GaN is needed. All types of threading dislocations, including edge, screw, and mixed, are observed in epitaxially grown wurtzite GaN with ͑0001͒ orientation. [5] [6] [7] [8] Many electrically active and inactive types of threading dislocations have been proposed: inactive full-core dislocations, 9 active but not energetically favorable V Ga -type dislocations for n-type material, 10, 11 active V N -type dislocations for p-type material, 10 active ͓V Ga -͑O N ͒ i ͔ ͑3−i͒ ͑i = 1 or 2͒-edge-type dislocations in n-type material, 11 active but not energetically favorable filled core, 9, 12 inactive open core, 9 and active helical Ga-filled 13 screw-type dislocations. Spatial dependence of the yellow luminescence ͑YL͒, found by cathodoluminescence study, suggests that dislocations at low-angle grain boundary or point defect nucleating dislocations might be the origin of YL ͑2.2 eV͒. 14, 15 Some first-principles calculations suggest that YL may be attributable to a deep acceptor level associated with a Ga vacancy or related complex. 16 Local-densityfunctional calculations of threading edge dislocation core structure show that V Ga -O N threading edge dislocations have the lowest formation energy and a deep energy state of 1.0 eV above the valence-band maximum. 11 Read 17 models an edge dislocation in germanium as a straight-line array of single traps that form a −1q line charge per structural unit as the fully charged state, where q is the magnitude of electron charge. In this model, the dislocation is surrounded by a positively charged cylinder with a radius of R; the fraction of filled traps is calculated by minimizing the total increase of free energy per site of dislocation. Bonch-Bruevich and Glasko 18 ͑BG͒ solved Poisson's equation for a screened dislocation and obtained a potential with no finite radius. Pödör 19 used this potential to calculate the momentum relaxation rate and the drift mobility for n-type germanium. Weimann et al. 20 found experimentally that a high density of charged threading dislocation lines ͑above 10 9 cm −2 ͒ in GaN affects the mobility for low carrier concentration n ͑less than 10 18 cm −3 ͒; these data are compared to the results of a model. However, in their scattering potential model based on variable filling fraction, the charged dislocation is treated as a straight-line array separated by lattice spacing c along ͓0001͔ following an approach suitable for germanium, which is simpler than the geometry or electrostatic nature of active threading edge dislocations in GaN. As is shown in the next section, the common V Ga -O N dislocation has two acceptor sites per structural unit along ͓0001͔. Look and Sizelove 21 used the BG potential and solved the Boltzmann transport equation for Hall mobility as a function of temperature, but with the assumptions that each V Ga contains one negative charge and that the dislocation is fully charged. Gurusinghe and Andersson 22 first considered the partially charged model ͓V Ga -͑O N ͒ i ͔ ͑3−i͒ dislocation in GaN, calculated the mobility, and studied the effect of compensation. The charge state is not specified, and the relaxation time model that is used, following Pödör, 19 is more useful for single-acceptor dislocations.
In the present work, the focus is on capturing the details of the more complex acceptor nature of the V Ga -O N edge dislocation core. First, the charge distribution along the dislocation core is obtained using the Vienna ab initio simulation package 23 ͑VASP͒. An approximate charge distribution of up to −2q per unit length of the dislocation, suitable for use in an analytical scattering model, is abstracted from this result. The Read model is modified to account for the varying fraction of filling traps for the V Ga -O N edge dislocation.
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Then expressions for electron mobilities ͑drift and Hall͒ are derived in closed form using two different scattering potentials modified from the Read potential and the BG potential. The results are compared with available experimental results from previous work.
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II. STRENGTH FACTOR
The dangling bonds along dislocations act as acceptors of electrons and form a negative line charge. However, the acceptor sites along dislocations are not always fully filled. Read calculates the filling fraction for a dislocation in germanium, which contains straight-line arrays of single traps, by minimizing the total increase of free energy per site of the dislocation. To use the Read model for GaN, it is necessary to identify the positions of acceptors for the V Ga -O N edge dislocation. For this purpose, a charge distribution calculation is performed using VASP, with ultrasoft pseudopotentials and generalized gradient approximation ͑GGA͒ in the exchange-correlation functional. 23 For comparison, a calculation for bulk wurtzite ͑WZ͒ GaN using this method finds the lattice parameters a = 3.18 Å and c = 5.17 Å which are very close to other experimental data. 24, 25 The charge distribution for a V Ga -O N edge dislocation is calculated with a 142-atom supercell containing a dislocation dipole. The relaxed structure without doping is shown in Fig. 1͑a͒ and the charge density is plotted in Fig. 1͑b͒ . With n-type doping, affected by replacing six Ga atoms with Si atoms, the relaxed structure is shown in Fig. 1͑c͒ and the charge density is shown in Fig. 1͑d͒ . Comparing the charge distributions between undoped and n-type materials, the charge density around the two N atoms near the Ga vacancy along the core becomes larger for the n-type case. ͑In comparing Figs. 1͑a͒ and 1͑c͒, the larger separation between N atoms in the n-doped case is consistent with greater repulsion due to the presence of additional negative charge on each atom.͒ For comparison the charge around a N atom in bulk WZ GaN is found as 7.14q. The total charge around a N atom at the core site of undoped full-core edge dislocation is found to be nearly neutral-just 0.10q less than around a bulk N atom. This result is consistent with other reported work. 9, 10 For an undoped V Ga -O N edge dislocation of the type shown in Fig.  1͑a͒ , the charge of each of the two N atoms near the Ga vacancy is found to be 0.73q less than around a bulk N atom. After n doping, the charge is only 0.10q less than around a bulk N atom. The charge around the O atom is very similar in the undoped case and the n-doped case ͑7.34q͒. Therefore it is clear that the two N atoms near the Ga vacancy act as electron acceptors: each N atom accepts nearly one electron per structural unit of the V Ga -O N edge dislocation. Thus, for the purpose of recourse to an analytical model, it is assumed that each N atom near the Ga vacancy may trap up to one electron, so the dislocation unit cell takes on −2q as its maximum charge state.
This more complicated dislocation structure in WZ GaN contains two equivalent columns of available sites with separation distance between columns given by the basal lattice constant a as shown in Fig. 2 . In this case it is helpful to define a variable called strength factor ͑͒ given by The electrostatic energy ͑E s ͒ per electron within the disk is the sum of four terms: the electron-electron energy ͑E e ͒, the positive space-charge energy ͑E c ͒, the interaction energy of electrons with the positive space charge ͑E ec ͒, and the interaction energy of the positive space charge with electrons ͑E ce ͒.
First, for 0 Ͻ ഛ 0.5, each disk with thickness d contains only one electron so that each electron per disk is separated by a vertical distance d and a horizontal distance a as shown in Fig. 3͑a͒ . Substituting =−q / d into ͑1͒ gives = c / ͑2d͒. Then, from ͑2͒, the neutrality condition for 0 Ͻ ഛ 0.5 is given by
The total length of the dislocation is ͑N +1͒d as shown in Fig. 4͑a͒ . It is assumed that the dislocation is long enough that E s can be derived for the middle disk without consideration of end effects. The electron-electron interaction energy per electron for the middle disk is E e = 1 2 ͑−q͒V e0 , where V e0 is the potential at electron 0 due to all other electrons. From the symmetry of the system, V e0 =2͚ i=1 N/2 V i0 , where V i0 is the potential at electron 0 due to electron i and 5, the unit cell or calculation "disk" contains one electron at the center row and these electrons form a zigzag filling configuration. For 0.5Ͻ ഛ 1, the calculation disk contains ͑2u +1͒ electrons from a half filling and one additional electron at the center site of the disk. The additional electron in each disk also forms in a zigzag configuration with respect to the additional electrons in neighboring disks. The additional electrons are numbered as 0Ј, ±͑2u +1͒Ј, ±2͑2u +1͒Ј, and so on.
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Assigning N / 2 as odd or even has no effect since the dislocation is considered to be very long. After adding and manipulating all V i0 terms, E e becomes
where ͓͑N /2͒ + ͱ ͑a / d͒
2 / ͑4c͒, ␥ 1 is Euler's constant, and ␥ 2 ͑͒ is a modified Euler's constant which is actually a function of because of d = c / ͑2͒, defined as
By solving Poisson's equation, the potential for positive space charge, V c , is given, for r Ͻ R, as
͑6͒
The energy of positive space charge per electron, therefore, is given by
where is the volume density of positive space charge, = q͑N D − N A ͒, and the neutrality condition for 0 Ͻ ഛ 0.5, R 2 d = q, is used. The interaction energy between electrons within the disk and the positive space charge is readily obtained by evaluating V c at r = a / 2. Both interaction energies per electron are equal and given by
After adding all four terms from ͑5͒, ͑7͒, and ͑8͒, E s becomes independent of N and given by
where charge neutrality and d = c / ͑2͒ are used to eliminate R and d, and the electrostatic energy per site can be obtained as E s ͑͒. The effect of configurational entropy can be taken into account by adding a term of the form −TS͑͒ to the total increase of free energy per site. The total increase of free energy per site F͑͒ is then 
For 0.5Ͻ ഛ 1, each disk with dimension dЈ contains one additional electron at the center row in addition to the "zigzag"-arranged electrons from the case of = 0.5 as shown in Fig. 3͑c͒ . From ͑1͒, = ͑c + dЈ͒ / ͑2dЈ͒ after substituting =−q͑1+dЈ / c͒ / dЈ. Another variable u is introduced, which is defined by dЈ = ͑2u +1͒c as shown in Fig. 4͑b͒ . One disk, in this case, contains ͑2u +2͒ electrons and can be expressed as = ͑u +1͒ / ͑2u +1͒. The neutrality condition is then given by
The electron-electron energy per electron in the disk is
where V͑r i ͒ is the potential at r i due to all other electrons, and r i is the position of electron i within the disk only. It can be separated as
where V ZIG ͑r i ͒ in the first term represents the potential at r i due to all zigzag-arranged electrons from the case = 0.5, while V ADD ͑r i ͒ in the second term is the potential due to all electrons in excess of Ͼ 0.5. A detailed derivation for E e is provided in the Appendix; an expression for E e is given in ͑A9͒.
The energy for positive space charge per electron is given by
The energy E ec = E ce is found to be
͑15͒
Equations ͑14͒ and ͑15͒ are in the same form as ͑7͒ and ͑8͒, respectively, but for Ͼ 0.5, where d is replaced with dЈ and q with ͑2u +2͒q, the entire expressions are divided by the number of electrons per disk. Now, E s ͑͒ is the sum of E e , E c , E ce , and E ec . It becomes independent of N and is given by
͑16͒
where u = ͑1−͒ / ͑2 −1͒ is used to get dependency, and the neutrality condition and dЈ = ͑2u +1͒c are used to eliminate R and dЈ. C 1 , C 2 ͑͒, C 3 ͑͒, and C 4 ͑͒ are defined in the Appendix. As before ͓in Eq. ͑11͔͒, minimizing the total increase of free energy per site with respect to gives a nonlinear equation that can be solved numerically. It can be readily proved that Eqs. ͑9͒ and ͑16͒ become identical at = 0.5. Figure 5 shows the strength factor at various densities of dislocations as a function of free-carrier concentration. Compared with previous work, 20, 22 it generally indicates lower filling fractions, but it saturates at 1 at a higher carrier concentration because there are more sites to be filled. The strength factor changes significantly for n dis Ͼ 10 8 cm −2 , but very small difference can be observed in the strength factor for n dis Ͻ 10 8 cm −2 .
III. DRIFT AND HALL MOBILITIES
To evaluate mobility, two models of scattering potentials are compared for the charged dislocations: one by Read 17 and one by Bonch-Bruevich and Glasko. 18 To compare these two models, the drift mobility is simulated and compared with the existing experimental results done by Weimann et al. 20 The Read potential modified for a −2q / c charged dislocation is
where r is the radial distance measured from the core of the dislocation. The matrix element including Thomas-Fermi screening is readily calculated to be
where ␦ Ќ is the magnitude of the scattering wave vector defined as 
where 
which is twice as strong as the original potential, having been modified for a double-acceptor dislocation instead of a single-acceptor dislocation. Total mobility is calculated including ionized impurity scattering ͑ i−i ͒, acoustic deformation ͑ ad ͒ and piezoelectric ͑ ap ͒ phonon scattering, and optical polar-phonon scattering ͑ op ͒ as
All of the parameters except the dislocation contribution are taken from the literature and are considered to be well characterized. 26, 27 Total drift mobility is compared with experimental results by Weimann et al. 20 for two samples ͑one with n dis =8ϫ 10 9 cm −2 and another with n dis =2 ϫ 10 10 cm −2 ͒, shown in Fig. 6 . The BG potential predicts reduced mobility as free-carrier concentration decreases at low carrier concentrations, while the mobility based on the Read potential under these conditions is nearly constant. This deceasing mobility at low carrier concentrations is known to be due to dislocation scattering effect. 20, 28 Therefore, the BG potential is the basis for further studies in this work. The behavior of Read potential is because the radius of Read potential changes slowly in this range, as shown in Fig. 7͑a͒ . The source of this behavior is that the Read potential radius is inversely related to donor concentration as illustrated in Fig. 7͑b͒ , so it varies slowly at low free-carrier concentrations.
The predicted drift and Hall mobilities using the BG potential for various dislocation densities are given in Fig. 8 . The dislocation scattering effect dominates for n dis Ͼ 10 8 cm −2 for low carrier concentrations. The range of carrier concentrations dominated by dislocation scattering widens as n dis increases. For example, dislocation scattering dominates for n Ͻ 10 19 cm −3 with n dis =10 11 cm −2 and n Ͻ 10 18 cm −3 with n dis =10 10 cm −2 . It should also be noted that the mobility is insensitive to dislocation density when n dis Ͻ 10 8 cm −2 unless the mobility due to lattice scattering ͑ lat ͒ is exceptionally high. The ratio of mobility with n dis =10 8 cm −2 to mobility with n dis =10 7 cm −2 as a function of lat is shown in Fig. 9 For low donor concentration, most electrons are trapped at dislocations, resulting in low free-carrier concentration. For high donor concentration exceeding the volumetric density of electrons trapped at dislocations, freecarrier concentration becomes linearly proportional to donor concentration. From the charge neutrality condition, the Read potential radius is inversely related to donor concentration, so it varies slowly at low free-carrier concentrations.
edge dislocation in GaN, it is also reasonable to apply the model to the double-acceptor-full-core-type edge dislocation in GaN. 10 This type of dislocation is also found to be stable in n-type GaN. If, based on a first-principles charge distribution study, the charge is found to be sufficiently localized along specific acceptor sites, the classical scattering model could be readily applied.
IV. SUMMARY AND CONCLUSIONS
A closed-form analytical model is derived for the effect of electrically active V Ga -O N edge dislocations on drift and Hall mobilities in GaN. The two N atoms near the Ga vacancy at the dislocation core are found to be electron acceptors by a charge distribution study of the dislocation core structure. An accurate formula for the dislocation scattering strength factor is then derived for the double-acceptor V Ga -O N dislocation, with up to −2q charge per structural unit. Two electrostatic dislocation scattering potentials are compared as bases for predicting drift and Hall mobilities. At low carrier concentrations, the BG potential correctly predicts reduced mobility, while the Read potential predicts constant mobility. Closed-form solutions for the dislocation contribution of drift and Hall mobilities are derived for the BG potential. Simulated drift mobility results match with the experimental data reasonably well. Both drift and Hall mobilities are strongly affected by dislocation densities higher than 10 8 cm −2 in devices with carrier concentrations in the range of 10 15 −10 21 cm −3 . Maximum mobility occurs at higher carrier concentrations as the density of dislocation increases. For n Ͼ 10 16 cm −3 , reducing the dislocation density below n dis =10 8 cm −2 has a negligible effect on total mobility if lat Ϸ 10 3 cm 2 /V s.
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APPENDIX
In this Appendix, the electron-electron energy for 0.5 Ͻ ഛ 1 is derived. The first term in ͑13͒,
can be written as a sum of two parts, 
͑A1͒
The first term in ͑A1͒ can be approximated as −͑q /2͒͑2u +1͒V ZIG ͑r 0 ͒ for infinitely long dislocation lines; −͑q /2͒V ZIG ͑r 0 ͒ is the same form as E e in ͑5͒ replacing d with c and N with N͑2u +1͒. Then, the first term in ͑A1͒ becomes
where ␤c is the total length of dislocation line as ␤ = N͑2u +1͒, ␥ 1 is Euler's constant, and ␥ 2 Ј is a modified Euler's constant defined as
The second term in ͑A1͒ can be expanded as The third term in ͑A1͒ can be expressed as a sum of four terms as
where the factor of 2 comes from the relationship of
The first two terms in ͑A4͒ can be simplified as
where
The last two terms in ͑A4͒ need further consideration. Summing over even i, the first term is given by,
Replacing n =2m −1͓m =1,2, ... ,͑N +2͒ /4͔ for odd n, and n =2m ͓m =1,2, ... ,͑N −2͒ /4͔ for even n, and i =2j ͓j =1,2, ... ,͑u /2͔͒ for even i, and introducing additional modified Euler's constants, the expression takes the form as 
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Finally, we obtain the electron-electron energy per electron from ͑A1͒ as 
